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Abstract 

With any self-similar action of a finitely generated group G of automorphisms of a regular rooted 
tree T can be naturally associated an infinite sequence of finite graphs {r„}„>i, where r„ is the 
Schreier graph of the action of G on the n-th level of T. Moreover, the action of G on dT gives rise 
to orbital Schreier graphs F^, ^ £ dT. Denoting by the prefix of length n of the infinite ray ^, 
the rooted graph (Fj, ^) is then the limit of the sequence of finite rooted graphs {(r„, 5n)}ri>i in the 
sense of pointed Gromov-Hausdorff convergence. In this paper, we give a complete classification (up 
to isomorphism) of the limit graphs (F^,^) associated with the Basilica group acting on the binary 
tree, in terms of the infinite binary sequence 

Mathematics Subject Classification (2010) Primary 20E08; Secondary 20F69, 05C63, 37E25. 

1 Introduction 

Schreier graphs arise naturally from the action of a group on a set. In this paper, we consider groups 
acting by automorphisms on rooted trees. Let T be a regular rooted tree and G < Aut(T) be a finitely 
generated group of automorphisms of T. By fixing a finite set S of generators of G, we get naturally a 
sequence {r„}„>i of finite left Schreier graphs of the action of G on T. The vertex set of r„ coincides 
with the set L„ of vertices of the n-th level of T, and two vertices v, v' G -L„ are connected by an edge if 
there exists s e S" such that s ■ v = v' . If G is transitive on each level, then the graphs r„ are connected. 

Similarly, the action of G on the boundary dT of the tree gives rise to an uncountable family of infinite 
orbital Schreier graphs {r^j^gar, with V^(r^) = G ■ ^. It turns out that these orbital Schreier graphs, 
viewed as rooted graphs (r^,f), are exactly the limits in the pointed Gromov-Hausdorff topology of fi- 
nite Schreier graphs (r„,^„) rooted at the prefix of length n of ^ (see Subsection 12. 2p . Moreover, 
if we choose the root of r„ uniformly at random for all n > 1, then the uniform measure on the set 
{(r^, ^);^ G dT} is the random weak limit (in the sense of ) of this sequence of random rooted graphs. 

Particularly interesting examples of such sequences of Schreier graphs come from the class of self-similar, 
or automata, groups. In this paper, we examine in detail finite and infinite Schreier graphs of the Basilica 
group B acting on the binary tree in a self-similar fashion. The Basilica group is an example of a group 
generated by a finite automaton (see Fig. 2). It was introduced by R. Grigorchuk and A. Zuk in [5], 
where they show that it does not belong to the closure of the set of groups of subexponential growth 
under the operations of group extension and direct limit. L. Bartholdi and B. Virag further showed it 
to be amenable, making Basilica the first example of an amenable but not subexponentially amenable 
group [5]. This group has also been described by V. Nekrashevych as the iterated monodromy group of 
the complex polynomial — 1 (see [H]), and there exists therefore a natural way to associate to it a 
compact limit space homeomorphic to the well-known Basilica fractal (see Fig. 1). Finite Schreier graphs 
{r„}„>i form an approximating sequence of this limit space. 

The aim of this work is to classify (up to isomorphism of unrooted and unlabeled graphs) all limits 
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{r^ljgOT of the sequence {r„}„>i of finite Schreier graphs of the Basilica group. In other words, the 
question that we answer here is: given an infinite binary sequence ^, describe the infinite Schreier graph 
of the action of B on the orbit of ^. The hmit graph is shown to have one, two or four ends, the 
case of one end being generic with respect to the uniform measure on dT (this latter fact can also be 
deduced from general arguments, see [6]). The main result of the paper is an explicit classification of 
infinite Schreier graphs of the Basilica group in terms of the boundary point ^ (Theorems 14.11 14.61 14.81 
14.111 and 15.41 ) There exist one isomorphism class of 4-ended graphs, all belonging to the same orbit; 
uncountably many isomorphism classes of 2-ended graphs, each consisting of two orbits; and uncountably 
many isomorphism classes of 1-ended graphs, almost all of which contain uncountably many orbits. This 
latter aspect is particularly interesting, as it is not the case in other examples where we were able to 
perform a similar analysis. For example in the case of the Hanoi towers group H^^\ whose finite Schreier 
graphs form an approximating sequence for the Sierpihski gasket, there are uncountably many isomor- 
phism classes of graphs with one end, but each of them contains at most 6 different orbits. We intend to 
pursue this investigation in a future work. 

It follows (see Section 15.21 below) that in the case of the Basilica group there exist uncountably many 
isomorphism classes of (unlabeled) limit graphs, each of measure 0. In other words, the random weak limit 
of the sequence of finite Schreier graphs is a continuous measure with uncountable support. A. Vershik 
recently raised the question about existence of continuous ergodic probability measures on the lattice 
L{G) of subgroups of a given group G, invariant under the action of G on L{G) by conjugation [T5] . 
For many self-similar groups including the Basilica (more precisely, for all weakly branched groups), the 
pull-back of the random weak limit of labeled finite Schreier graphs to L{G) gives such a measure, con- 
centrated on stabilizers of points in the boundary of the tree. 

It would be interesting to perform a similar analysis systematically on sequences of finite Schreier 
graphs associated with self-similar groups, in particular with iterated monodromy groups of quadratic 
polynomials, whose infinite Schreier graphs are closely related to the Julia set of the polynomial (see the 
recent work [1] for a detailed description of this relation.) In particular, the inflation recursive process of 
constructing finite Schreier graphs introduced in [T^ (and used in [5] to study growth of infinite Schreier 
graphs) might also give a possible general approach to classification of infinite Schreier graphs of con- 
tracting groups of automorphisms of rooted trees, in the spirit of the present work. For example, though 
there are examples of groups (the first Grigorchuk group of intermediate growth, the adding machine...) 
with only one or two isomorphism classes of infinite (unlabeled) Schreier graphs, it seems that those are 
exceptional cases and that in general the support of the random weak limit of F„'s is uncountable. We 
plan to address this question in a future work. 

Sequences of Schreier graphs of self-similar groups have been mainly studied in the literature from the 
viewpoint of spectral computations (see e.g. [2],[H])[I3]---) However, in contrast with other well-known 
examples of self-similar groups, the spectral measure of the Laplace operator on infinite Schreier graphs 
of the Basilica group is not known. Explicit description of these graphs that we obtain in this paper can 
be useful in this aspect. 




Fig. 1. the Julia set Jiz'^ - 1). 
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Our initial motivation comes from the work [TT] that aims at constructing new examples of asymptotic 
behaviour for the Abelian Sandpile Model (ASM). The infinite Schreier graphs of the Basilica group 
provide uncountable families of examples, on one hand, of 2-ended graphs non quasi-isometric to Z, on 
which the ASM is not critical and, on the other hand, of 1-ended graphs of quadratic growth, on which 
the ASM is critical. 



2 Preliminaries 

2.1 Groups acting on rooted trees 

Let T be the regular rooted tree of degree g, i.e., the rooted tree in which each vertex has q children. 
Given a finite alphabet X = {0, 1, . . . , g — 1} of g elements, let us denote by X" the set of words of length 
n in the alphabet X and put X* = Un>o '^here the set X^ consists of the empty word. Moreover, 
we denote by X" the set of infinite words m X . In this way, each vertex of the n-th level of the tree can 
be regarded as an element of X" and the set X" can be identified with the set dT of infinite geodesic 
rays starting at the root of T. The set X'^ can be equipped with the direct product topology. The basis 
of open sets is the collection of all cylindrical sets {'wX'^\ w G X*}. The space is totally disconnected 
and homeomorphic to the Cantor set. The cylindrical sets generate a cr-algebra of Borel subsets of the 
space X". We shall denote by A the uniform measure on X'^ . 

We denote by Aut{T) the group of all automorphisms of T, i.e., the group of all bijcctions of the set 
of vertices of T preserving the incidence relation. Clearly, the root and hence the levels of the tree are 
preserved by any automorphism of T. A group G < Aut{T) is said to be spherically transitive if it 
acts transitively on each level of the tree. 

The stabilizer of a vertex a; G T is the subgroup of G defined as Stabc{x) = {5 G G : g{x) — x}; the 
stabilizer of the n-th level L„ of the tree is Stabc{Ln) = Hxei Stabcix); finally, the stabilizer of 
a boundary point ^ G X'^ is StabG{£^) = {5 G G : .g(^) — The following properties hold. 

• For all n > 1, StabaiLn) is a normal subgroup of G of finite index. 

• The subgroups Stabcix), for x G i„, are all of index q". Moreover, if the action of G on T is 
spherically transitive, they are all conjugate. 

• Cl^^gr StabciO is trivial. 

• Denote by ^„ the prefix of of length n. Then StabciO = HneN Stabc{(,n)- 

• StabciO has infinite index in G and StabdO/iStabGiO n StabaiLn)) = StabdCn)/ StabaiLn). 

If g G AutiT) and v G X*, define g\y G AutiT), called the restriction of the action of g to the 
subtree rooted at v, by givw) = giv)g\viw) for all v,w G X*. Every subtree of T rooted at a vertex 
is isomorphic to T. Therefore, every automorphism g G AutiT) induces a permutation of the vertices 
of the first level of the tree and q restrictions, g\o, ...,g\q-i, to the subtrees rooted at the vertices of the 
first level. It can be written a.s g = Tgiglo, . . . ,g\q^i), where Tg G Sq describes the action of g on Li. In 
fact, AutiT) is isomorphic to the wreath product Sq I AutiT) where Sq denotes the symmetric group on 
q letters, and thus AutiT) ^ IfZiSq- 

Definition 2.1. [12 A group G acting by automorphisms on a q-regular rooted tree T is self-similar if 

gU e G, Vv G X\yg G G. 

A self-similar group G can be embedded into the wreath product SqlG. Consequently, an automorphism 
g G G can be represented as g — Tgig\o, . . . , f;|g_i), where Tg G Sq describes the action of g on Li, and 
g\i G G is the restriction of the action of g on the subtree Ti rooted at the «-th vertex of the first level. 
So, if X £ X and w is a finite word in X, we have gixw) = Tgix)g\xiw). 
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Definition 2.2. [12' A self-similar group G is self-replicating (or fractal) if it acts transitively on the 
first level of the tree and, for all x G X , the map g ^ g\x from Staba^x) to G is surjective. 

2.2 Schreier graphs 

Consider a finitely generated group G with a set S of generators such that id ^ S and S = S~^, and 
suppose that G acts on a set M. Then, one can consider a graph T{G, S, M) with the set of vertices 
M, and two vertices m,m' joined by an edge (labeled by s) if there exists s G 5 such that s(m) = m'. 
Clearly, if the action of G on M is transitive, then T{G, S, M) is the Schreier graph r(G, S, Stabairn)) 
of the group G with respect to the subgroup Stabaim) for some (any) m £ M. If the action of G on 
M is not transitive, and m e A/, then we denote by T{G, S,m) the Schreier graph of the action on the 
G-orbit of m, and we call such a graph an orbital Schreier graph. 

Suppose now that G acts spherically transitively on a rooted tree T. Then, the n-th Schreier graph 
of G is by definition r(G, 5, X") = r(G, 5, P„) where P„ denotes the subgroup stabilizing some word 
w G X". For each n > 1, let 7r„+i : T{G,S,X"+^) — > r(G,S',X") be the map defined on the vertex 
set of r(G, 5", X"+^) by 7r„+i(a;i . . . a;„x„+i) = xi...Xn- Since Pn+i < Pn, i^n+i induces a surjective 
morphism between r(G, S*, and r(G, S*, X"). This morphism is a graph covering of degree q. 

We also consider the action of G on dT = X'^ and the orbital Schreier graph r(G, S,G-£) = r(G, 5", P^) 
where denotes the stabilizer of ^ for the action of G on X'^ . Recall that, given a ray ^, we denote 
by the prefix of ^ of length n, and that = n„P„. It follows that the infinite Schreier graph 
= r(G, 5', Pj) can be approximated (as a rooted graph) by finite Schreier graphs r„ = r(G, S*, P„), 
as n — oo, in the compact space of rooted graphs of uniformly bounded degree endowed with pointed 
Gromov-Hausdorff" convergence ([TO], Chapter 3), provided, for example, by the following metric: 
given two rooted graphs {Ti,vi) and (r2,D2), 

DistiiVi.vi), (r2, i;2)) '■— inf | -; Pr, {vi,r) is isomorphic to B-cAv2, r) \ 

Vr + 1 J 

where Br{v,r) is the ball of radius r in F centered in v. 



2.3 Self-similar groups and automata 

An automaton is a quadruple A = {S, X, fi,!/), where S is the set of states; X is an alphabet; /i : 
S X X ^ S is the transition map; and i' : S x X ^ X is the output map. The automaton A is finite if 
S is finite and it is invertible if, for all s G 5, the transformation z/(s, ■) : X X is a permutation of 
X. An automaton A can be represented by its Moore diagram. This is a directed labeled graph whose 
vertices are identified with the states of A. For every state s G <S and every letter x ^ X, the diagram 
has an arrow from s to ^{s,x) labeled by a;|j^(s,x). A natural action on the words over X is induced, so 
that the maps fi and v can be extended to S x X*: 

fi{s,xw) = /i(/i(s, x), w), 

iy{s,xw) — i>{s,x)iy{fi{s,x),w), (1) 

where we set /i(s, 0) = s and 1/(3, 0) ~ 0, for all s ^ S,x <E X and w G X*. Moreover, ([T]) defines uniquely 
a map u : S x X'^ ^ X'^. 

If we fix an initial state s in an automaton A, then the transformation ^{s, •) on the set X* U X'^ is 
defined by (IT|); it is denoted by As- The image of a word X1X2 ■ ■ ■ under As can be easily found using 
the Moore diagram (see, for instance. Fig. 2 below). Consider the directed path starting at the state s 
with consecutive labels xi|yi, X2\y2-, ■•■; the image of the word X1X2 ■ ■ ■ under the transformation As is 
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then 2/12/2 More generally, given an invertible automaton A = (5, X, fi, v), one can consider the group 

generated by the transformations As, for s € S\ this group is called the automaton group generated 
by A and is denoted by G{A). 

A basic theorem [TJ] states that the action of a group G on X* U X" is self-similar if and only if G is 
generated by an invertible automaton. 

Let ,4 be a finite automaton with the set of states S and alphabet X and let us denote a(fc, s), for 
fc e N and s G 5, the number of words w e X^ such that s|m ^ id. Sidki suggested to call A bounded, 
if the sequence a{k, s) is bounded as a function of k for each state s G 5. He showed in [14 that a finite 
invertible automaton is bounded if and only if any two non-trivial cycles in the Moore diagram of the 
automaton are disjoint and not connected by a directed path. 

It can be shown moreover, that any group generated by a bounded automaton is contracting [7], 
which means, for a self-similar group, the existence of a finite set N G G such that for every g € G there 
exists fc e N such that (/|^ G JV, for all words v of length greater or equal to k. 

2.4 The Basilica group 

The Basilica group B was introduced by R. Grigorchuk and A. Zuk [9] as the group generated by the 
following three-state automaton. 




Fig. 2. The automaton generating the Basilica group. 

It can be read from the automaton that the Basilica group is an automorphism group of the rooted binary 
tree generated by two automorphisms a and b of the following self-similar structure: 

a = e{b,id) b — e{a,id), 

where id denotes the trivial automorphism of the tree, while e and e are respectively the identity and the 
nontrivial permutation in S2 ■ One can verify directly that the stabilizer of the first level is the subgroup 
StabB{Li) =< a,a'',b^ >, with = b~^ab = e{id,b'^) and b^ = e{a,a). This implies in particular, that 
B is self-replicating. Moreover, since the action of B on the first level of the tree is transitive, its action 
is also spherically transitive. It follows from the results cited in the previous subsection that the Basilica 
group is a contracting self-similar group generated by a bounded automaton. 

We end this section by an observation about the action of the Basilica group on the boundary of the 
binary tree that we will need in Section 4 below. 

Definition 2.3. Two right-infinite sequences X1X2 ■ ■ ■, yij/2 . . . G X^ are called cofinal (denoted X1X2 . . . ^ 
yiy2 ■ ■ ■) if they differ only in finitely many letters, cofinality is an equivalence relation. The respective 
equivalence classes are called the cofinality classes and they are denoted by Cof{-). 
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Proposition 2.4. The union of the cofinality classes Co/(0") U Co/((01)") U Co/((10)") constitutes 
one orbit of the action of the Basilica group on X'^ . Any other cofinality class is exactly one orbit. 

Proof One directly verifies tliat a(0") = (01)", a-^O") = 010", 6(0") = (10)" and &-i(0") = 10". 
Moreover, it follows from the definition of the generators a and b, that 0", (01)" and (10)" are the only 
infinite words which are mapped onto infinite words not cofinal to them by some of the generators (a, b 
for 0", a-^ for (01)" and b'^ for (10)"). Thus, the orbit B ■ 0" is contained in the union Co/(0") U 
Co/((01)") U Co/((10)"). On the other hand, we show that any word ry e Co/(0") U Co/((01)") U 
Co/((10)") belongs to the orbit of 0" by providing an automorphism in B mapping 0" to r]. We only 
discuss the case of words of the type 77 = u>0" (the other cases arc analogous). Suppose that \w\ = k. 
By transitivity, there exists g € B such that g{0'') = w; set g' := gl^k. Since B is self-replicating, there 
exists h e Stabsiw) such that = (ff')"^- This gives ^(O") = wO". 

Since 0", (01)" and (10)" are the only infinite words which arc mapped onto infinite words not cofinal 
to them by some of the generators, the orbit of any ^ G X"\(Co/(0") U Co/((01)") U Co/((10)")) is 
contained in one cofinality class. The other inclusion is proven by the same argument as used to show 
that any word 77 € Co/(0") U Co/((01)") U Co/((10)") belongs to the orbit of 0". □ 

3 Schreier graphs of the BasiUca group 

3.1 The structure of finite Sciireier grapiis 

For each n > 1, let us denote by r„ = T(B, {a, 6}, {0, 1}") the r?.-th Schreier graph of the action of the 
Basilica group. Recall that the edges of r„ arc labeled by the generators a, 6 of the group B and that its 
vertices are encoded by words of length n in the alphabet {0, 1}. We begin this subsection by providing 
some convenient substitutional rules which allow to construct r„'s recursively. 

Proposition 3.1. The Schreier graph r„+i is obtained from r„ by applying to all subgraphs ofVn given 
by single edges the following substitutional rules SR: 

SRI SR2 SR3 

a 

• — ^ — • • — a — • 

Iw u V Ou Ov 



_6 



a 



with 



llw I) Qlw Ou Qv ./"^ lOw 

OOm mv 



b 



Proof. By definition of a, we can distinguish two types of a-edges: a first type joining vertices Qw and 
Qb{w), and a second type which are loops at vertices Iw, with w G {0, 1}". Similarly, we distinguish the 
following types of 6-edges: 
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• b{00w) = Wb{w) (note that w ^ b{w)); 

• b{01w) = llw; 

• b{10w) = OOw; 

• b{llw) = Olw. 

All 6-edges can be partitioned in pairs. Pairs of 6-edges of second and fourth type connecting vertices 
llw and Olw in r„+i arise from a-loops at the vertex Iw in r„; moreover, there must be an a-loop based 
at llw by definition of a, hence SRI. 

The 6-edges of first and third type are paired in chains of length 2. Such a chain connecting OOw to 
10b{w) to 00b{w) in r„+i arises from the a-edgc joining vertices Ow and Ob{w); moreover, there must be 
an a-loop based at 10b{w), hence SR3. 

Finally, a-edges between vertices Qu and Ov in r„+i are in bijection with 6-edges joining u and v in r„, 
hence SR2. 

□ 

Below follow the pictures of the Schreier graphs r„ for some first values of n > 1. 

b 




110 
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Given fc G N, recall that a graph G is fc-connected if for every proper subset Y C V{G) with |y| < fc, 
G \ y is connected. A connected graph G is separable if it can be disconnected by removing only one 
vertex. Such a vertex is called a cut vertex. The biggest 2-connected components of a separable graph 
are called blocks. 

The following is an easy consequence of the substitutional rules (Proposition 13. 

Proposition 3.2. For every n > 1, Tn is a A-regular separable graph whose blocks are cycles. Every 
vertex without a loop in Tn is a cut vertex. Moreover, removing any cut vertex disconnects Tn into exactly 
two components. Finally, the maximal length of a cycle in Tn is 2^^\ 

For the remainder of the paper, it will be convenient to consider Schreier graphs r„, n > 1, embedded 
in the plane in such a way that each cycle is a regular polygon and the graph r„ has two symmetry axes, 
a horizontal one and a vertical one. The center of the central cycle of r„ coincides with the origin of the 
plane, which is the intersection of the axes of symmetry. By convention, the positive rotation by an angle 
a around the origin is performed in the counterclockwise direction. 

From now on we will forget about the labels on the edges of the Schreier graphs and only consider 
unlabeled graphs. On one hand, our aim is to classify limits of Schreier graphs up to isomorphism of 
unlabeled graphs. On the other hand, in the case of the Basilica group the labeling is uniquely determined 
by the graph, so we are not losing any information by forgetting the labels. 

Recall from Subsection 12.21 that the finite Schreier graphs {r„}„>i form a sequence of graph coverings 
and that we denote by 7r„+i : r„+i r„ the covering projection given by 7r„+i (xi . . . XnXn+i) = xi . . . Xn- 
In the remaining part of this subsection we shall describe in detail the structure of the graphs r„ and of 
the projections 7r„. 

Definition 3.3. Let v G V^(r,i)\{0"} be a cut vertex. Removing v splits Tn into two connected compo- 
nents, Ui and U2, one of them (say Ui) containing the vertex 0". We call the decoration V^v) of v the 
subgraph o/r„ induced by the vertex set V{U2) U {v}. If v £ V{Tn) has a loop, then is the subgraph 

induced by v. Finally, if v = 0", then I?(0") is the subgraph induced by V{Ui) U {0"}, where 0"~^1 ^ Ui. 

For any cut vertex v ofTn, we also consider the subgraph T>(vY induced by V(Ui) U {«}. If v has a 
loop attached to it, then T>{vy is just Tn with the corresponding loop erased. 

The decoration of a given vertex v G V{Tn) is called a k-decoration (or a decoration of height k) 
if it is isomorphic to the decoration of the vertex O'^ in the Schreier graph Tk for some 1 < k < n. 

Proposition 3.4. 1. Every decoration in r„ is a k-decoration for some 1 < k < n. 

2. Let V G y(r„)\{0"}. Then, the decoration T>{v) of v is a k-decoration if and only if, while reading 
V from the left, we first encounter 1 in the k-th position. 

3. Let V G V^(r„+i)\{0"~''^, 0"1} and let T>{v) be its decoration. Then T>(v) is mapped under Wn+i 
bijectively to the decoration T>{Tr„+i{v)) G r„ o/7r„+i(u). 

Proof. Part 1. Observe that, given v G V{Tn) and its decoration V{v) C r„, applying SR to T>{v) yields a 
graph isomorphic to T>{Qv) C r„_|_i. Indeed, if u ^ 0", then the subgraph of r„+i resulting from applying 
the SR to T){v) does not contain 0"+^. Since the vertex Ou is a cut vertex, the statement follows by 
definition of a decoration. On the other hand, ii v = 0", we can repeat the previous argument replacing 
0" by 0"~^1. We now prove the assertion by induction on n. The decorations of the vertices of Fi are 
both 1-decorations. Let v G V{Tn+i). li v = lu for some u of length n, then it follows from the SR that 
V has a loop, hence the decoration of w is a 1-decoration. If w Ou, then consider vertex u in F„ together 
with its decoration T>{u). By induction hypothesis, T){u) is a fc-decoration for some 1 < fc < n that is, 
T>{u) is isomorphic to T>{{)^). Hence, applying the SR to T){u) yields a subgraph of F„+i isomorphic to 
the subgraph of F^+i obtained by applying the SR to V{Q^). On the other hand, applying the SR to 
T>{u) yields T>{Qu) = T){v). Hence, T){v) is isomorphic to X'(0'^+^). 

Part 2. Let us write v = O'lu for some I > 0. Consider the decoration V{lu) C F„_; of lu. By the SR, 
I){lu) is isomorphic to T>{0) C Fi. Starting from X'(O) and applying the SR fc — 1 times yields 2?(0'^). 
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Similarly, starting from and applying the SR I times yields Suppose now that ^{v) is a 

fc-decoration. This means that is isomorphic to X'(0'^), thus by the observations we just made, I 

must be equal to k — 1. Conversely, if / = A: — 1, then necessarily is isomorphic to T>{0'^). 

Part 3. Given v G y(r„+i)\{0"+\ 0"1}, 7r„+i(v) G y(r„) is obtained by erasing the last letter of v. 
On one hand, if w G V{Tn+i) is a cut vertex, then 7r„+i(w) G ^(r„) is a cut vertex too. On the other 
hand, for all w G ^{v), 7r„+i(z<;) ^ 0". Thus, 'D{v) must be mapped (surjectively) on I?(7r„+i (u)). But 
we have proven in Part 2 that 'D{v) is a fc-decoration if and only if 'D{T:n+i{v)) is a /c-decoration. The 
statement follows. □ 

Definition 3.5. For every n>l, we call central cycle ofTn the unique cycle containing both vertices 
0" and 0"~^1. The decoration I?(0") is the left part o/r„, the decoration I?(0"~^1) is the right part 
o/r„, the subgraph r„ \ {X>(0") U P(0""H)} is the central part ofT^. 

It is convenient to encode the graph r„ by a diagram, denoted constructed as follows: consider a 
path containing 2^^! edges. Its vertices are identified with vertices of the central cycle of r„ so that the 
left-half of Dn encodes the upper- half of the central cycle of r„, whereas the right-half of Z3„ encodes 
the lower-half of the central cycle; and the vertices situated at the extremities of the path both encode 
the vertex 0". Denote by Dn the diagram without these two boundary vertices. Label every vertex by 
the height of the decoration attached to it. Here are some examples: 

Di D2 

o • o o • o 



o • • • o o 



o • • • • • • • o 

5 13 15 13 15 



o 



Dr 

o- 



71315131713151317 

Proposition 3.6. The diagram Dn+i encoding Tn+i is obtained from Dn-i by the following recursive 
rule (denoted by RCR): 

— Dn-l Dn-l 

Dn+l ■■ °- •— O 

n + 1 n + 1 n + 1 



Proof. We know by Proposition 13.41 that when we project r„_|_i on r„ under 7r„_|_i, the decoration of a 
vertex v G F(r„+i)\{0""'"^, 0"1} is mapped onto a decoration of the same height in r„. There are only 
two (n -|- l)-decorations in r„_|_i, namely those of the vertices 0"+^ and 0"1, and they are both mapped 
under 7r„+i to V{0"^y in such a way that I?(0"+^) superposes onto 2?(0"1) after a rotation of —180° 
around the origin and then a translation (see Fig. 3). 
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Thus, the cycle in each of these two (n + l)-decorations which contains respectively 0"+^ and 0"! is 
mapped bijectively to the central cycle of r„. Moreover, pairs of opposite vertices of the central cycle of 
r„+i are identified under the projection 7r„+i. Hence, the central cycle of r„+i is mapped to the twice 
shorter cycle in r„ containing the vertex 0" but not the vertex 0"~^1 in such a way that 0"+^ is identified 
with 0"1 and the two halves of the central cycle are superposed (see Fig. 4). 




Since the decoration 2?(0") in r„ is bijectively mapped by 7r„ to I?(0" in r„_i, the statement 
follows. □ 



3.2 Converging sequences of Schreier graphs 

Recall that for any n > 1. F,, is a separable graph whose blocks arc cycles. 

Definition 3.7. A cycle-path of length k, fc S NU {oo}, in a graph T is a sequence of k distinct cycles 
in r such that two consecutive cycles intersect at exactly one point. 

Given w, w' G y(r„), there is a unique cycle- path Pi, . . . , in r„ of minimal length, such that w & Pi 
and w' G Pr- We will say that Pi, . . . , P^ joins w to w' . Similarly, given w G V{Tn) and P a cycle of r„, 
there is a unique cycle-path of minimal length P\, . . . ,Pr = P such that w G Pi. We will say then that 

Pi, . . . , Pr joins w to P. 

Notation 3.8. Given an infinite word ^ and its prefix ^„ of length n, write CV^^ = {-P"}*=i for the 
unique cycle-path joining ^„ to the central cycle of r„. Then we have t = \CP^^\, the length of the 
cycle-path, and we denote by CV^^ = {fc"}*^i the sequence of lengths of the cycles in the cycle-path. 

In order to identify the limit lim„^oo(rn, in the space of rooted graphs, it is important to keep 
track of the behaviour of the cycle-path CV^ . as i changes from n to n+ 1. As we will see, there arc three 
possibilities for the length of CPj.: it can either increase/decrease by one, or stay stable. More precisely, 
we have 

Proposition 3.9. Let ^ G {0, 1}'^. For any n> 1, consider the cycle-path CV^^ (respectively CV^^^^) in 
r„ (respectively inTn+i). Then, the following situations may occur: 
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1. "Expansion", that is, jCP^^^^J = jCP^^J + 1; this occurs if and only if Cn G X'(0")^. 

2. "Contraction", that is, \CV^^^^j^ \ — {CV^^l — 1; this occurs if and only if G 2?(0"). 

3. "Stability", that is, {CV^^^-^l = {CV^^l; this occurs if and only if ^n+i is either 0"^^ or 0"1. 

Proposition 13.91 motivates the following definition: 
Definition 3.10. For every word ^ G {0, 1}'^, we define its index of stability as 

= sup{n > 1 : \CV^J = 1}. (2) 

Moreover, define the SEC-sequence of ^ to be the infinite word in {S, E, C} beginning with 5*^5 and such 
that the (n + l)-st letter (for n > z^) of this word is either E or C depending on whether in the passage 
from r„ to Tn+i we observe an expansion or a contraction between the cycle-paths CV^^ and CT'^^^j. 

Remark 3.11. We can consider the SEC-sequence of any finite prefix ^„ of ^ by taking the restriction up 
to the n-th term of the SEC-sequence of ^. The occurrence of a block of t expansions beginning at position 
n in the SEC-sequence of a word ^ encodes the fact that \CV^^_^_^_i \ — |C'P^„_i | = t whereas the occurrence 
of a block oim/2 expansions-contractions EC beginning at position n means that |C7'j„_^^_j^ \ I = 

0. Moreover, observe (see the proof of Proposition [3]9] below) that the SEC-sequence associated with an 
infinite word ^ cannot contain two consecutive C's. 



We will also need to control the lengths of individual cycles in the cycle-path CV^^ as i changes from n 
to n + 1. Namely, we have 

Lemma 3.12. Let ^ G {0, l}"^. For any n > 1, consider the cycle-path CV^^ (respectively CV^^^^) in r„ 
(respectively in T„+i). Then, the sequence CP^^^^ is obtained from CV^^ as: 



1. if^n G P(0")^ then = fcf for every i = l,...,t and 

- k" if n is odd, 
: 2fc" if n is even; 




2- if e P(0"), then k"+^ = fcf for every i = l,...,t-2 and 

k^^^ = fc" if n is odd, 
k"^^ — 2kf if n is even. 



Proof of Proposition \3.y\ and Lemma \S.FA Let us look at how the graph r„+i is obtained from r„ under 
T^n+i- Recall that all r„'s are embedded in the plane. Consider the decoration ^(O") in r„. Take two 
copies of 2?(0"): the first one is rotated by —90° around the origin, whereas the second one is rotated by 
-1-90° around the origin. Now split the only vertex of degree 2 (which is 0") into two vertices vi,v'^ for 
the first copy and f 2 , V2 for the second copy. Then glue vi with V2 into a vertex v and v'^ with into a 
vertex v' (see Fig. 5). 
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Finally, after a rotation by +180° around the origin, attach to w a copy of 15(0")'^ by gluing v with the 
only vertex of 15(0")'^ of degree 2 and attach to v' a copy of 15(0")'^ (see Fig. 6). 

X)(0"+i) 




X>(0"1) 
^ ' Fig. 6. 

Accordingly, vertices of Tn+i are labeled as follows: 

• add a at the right of each vertex of the first copy of 2?(0") except for vertices vi and u^, 

• add a 1 at the right of each vertex of the second copy of P(0") except for vertices V2 and 

• put vi = V2 = V — 0"+^ and v'^ = V2 = v' — Q^l , 

• add a at the right of each vertex of the left copy of 25(0")^, 

• add a 1 at the right of each vertex of the right copy of 2?(0")^. 

Thus, if ^„ G 2?(0")^ then |C7'^„+i | = \CV(,^ \ + 1 (see Fig. 6). On the other hand, if in G r>(0")\{0"}, 
then in+i e 2?(0"+i)'= and \CV^„^, \ ^ \Cr^J - 1 (see Fig. 5). Finally, if ^n+i = 0"+^ or = 0"1, 
then obviously, jC'P^^^J = jC'P^^I = 1. Proposition 13.91 follows. 

Lemma [3.121 follows from the above description of n^^^ (see Fig. 5 and Fig. 6). □ 



14 



4 Infinite Schreier graphs 



This section and the next one contain the main resuhs of the paper. Our aim is to give a classification 
of the infinite Schreier graphs (F^, ^ G dT, of the Basihca group acting on the boundary of the binary 
tree. 

In this section, we show that a graph has one, two or four ends (Theorem 14. 1[) . and classify the 
graphs with four and two ends up to isomorphism (Theorems 14.61 14.81 14. lip . It happens however that 
almost every infinite Schreier graph is one-ended (see Subsection 15.21 for the discussion), and the one- 
ended Schreier graphs are classified up to isomorphism in Subsection l5.ll fTheorem l5.4p . 

Given an infinite graph F = (V, E), a ray is an infinite sequence of distinct vertices of F such that any 
two consecutive vertices of this sequence are adjacent in F. Consider an equivalence relation on the set 
of rays in F: two rays TZ and TZ' are equivalent if for any finite set S" C both TZ and TZ' have a tail in 
the same component of T\S. If two rays are equivalent, and only then, they can be linked by infinitely 
many disjoint paths. An end is an equivalence class of rays. Note that every infinite, locally finite graph 
must have at least one end. 

Theorem 4.1. Set Ei — Cz {0, l}"^ | the infinite Schreier graph Fj has i ends}. Then 

1. Ei = {i(;0",io(01)" I w e X*}; 

2. El = {aif5ia2l32 ■ ■ ■ , on^Pj £ {0, 1} | {ai}i>i and {/3j}j>i both contain infinitely many I's}; 

3. E2^ {0,ir\{EiUEi}. 

This theorem will be proven in the next subsection. 

Observe that, by Proposition l2.41 E4 consists of exactly one orbit, whereas Ei and E2 consist of infinitely 
many orbits. More precisely, our classification results proven below (Theorems 14.11 14.81 [5^ imply 
the following: 

Corollary 4.2. 1. There exists only one class of isomorphism of 4- ended (unrooted) infinite Schreier 
graphs. It contains a single orbit. 

2. There exist uncountably many classes of isomorphism of 2- ended (unrooted) infinite Schreier graphs. 
Each of these classes contains exactly two orbits. 

3. There exist uncountably many classes of isomorphism of 1- ended (unrooted) infinite Schreier graphs. 
The isomorphism class of Ti^ is a single orbit, and every other class contains uncountably many 
orbits. 

See also Propositions 15.111 and 15.121 for a measurable classification of infinite Schreier graphs {F^ | ^ G 
dT}. 

We end this subsection with an infinite analogue of Propositions 13.21 and 13.41 about the structure of the 
Basilica Schreier graphs: 

Proposition 4.3. 1. For any ^ G {0, 1}", the infinite orbital Schreier graph F^ is separable and its 
blocks are either cycles or single edges. 

2. For any rj G ^^(Fj) ("rj 7^ O'^j, removing rj splits F^ into several components among which one, 
denoted by U , is finite. Then, the subgraph induced by V{U) U {77} is isomorphic to a k-decoration 
for some k > 1. 

3. The decoration of rj is a k-decoration if and only if while reading rj from the left, we first encounter 
1 in the k-th position. 
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Proof. Part 1. Since the sequence of finite rooted graphs (r„, f„) converges to (F^, 5), we have that for all 
r > 1, there exists N >1 such that for all n> N, Br„{£,n,r) ~ Br^{£,,r). But the subgraph Br„{£,n,r) 
of r„ is separable and its blocks are either cycles or single edges. Since linir_>.oo -Brj(^,'') = (r^,^), the 
statement follows. 

Parts 2. and 3. Let 77 G ^(r^) (77 ^ 0") and let rjk be the shortest prefix of 77 ending by 1. By 
Proposition [3iH the decoration of rin in r„ is a fc-decoration for every n > fc + 1. If d = dr^ {rj, ^) denotes 
the usual graph distance in between ^ and 77, then there exists a radius r((; j.) and a N{r(^ci,k)) ^ 1 
such that for all 77 > N{ri^ci^j;-j), the ball -Br„ (Cm contains 7y„ together with its decoration and 



4.1 Limit graph with four ends and Proof of Theorem 14.11 

In this subsection, we determine for which infinite words ^ G {0, 1}" the corresponding orbital infinite 
Schreier graph has four ends, and we study the shape of these graphs. 

Let C G {0,1}". By Proposition 13.21 for any 77 > 1, C„ belongs to exactly two cycles of F„ denoted 
by C(C„) and C"(C„); C(C„) is contained in I'(C„) whereas C"(C„) is contained in I?(C„)'^. Finally, write 
^"(0 := \CiU\ and I'J^ \C'iU\. We have the following: 

Lemma 4.4. Given ^ G {0, 1}", the sequence {ln{0}n>i diverges as n ^ 00 if and only 7/^ = 0'^. 

Proof It follows from SR that Z„(0") = 2^^-! and ?;(0") = 2rtl for every 77 > 1. Conversely, consider 
77 G {0, 1}"^ such that 77 7^ 0". Then 77 — O'^lrj' for some fc > and it follows from Proposition 13.41 Part 
2., that a (fc + l)-decoration is attached to 7y„ for every tt. > fc + 1. Hence, ln{v) is constant for each 

77 > fc + 1. □ 



The next lemma describes the decorations attached to C(0") and C"(0"). 

Lemma 4.5. For n > 2, consider the graph F„. Then, for < fc < [^^^y^], to every vertex situated on 
C"(0") at distance 2^ + I ■ 2^^^ for some I > /ro77i 0" is attached a {2k + \)-decoration if n is odd and 
a (2k + 2)-decoration if n is even. On the other hand, for < fc < [-^^^J, to every vertex situated on 
C(0") at distance 2^^ + I ■ 2'^'+^ for some I > /ro777 0" is attached a (2fc + 2)-decoration if n is odd and a 
(2fc + l)-decoration if n is even. 

Proof. Observe that the cycle C"(0") (which is the central cycle of F„) and the decorations attached to 
the vertices of C"(0") are encoded by the diagram Dn (see Subsection 13.11) . Similarly, the cycle C(0"') 
and the decorations attached to the vertices of C(0") are encoded by the diagram Dn-i. Induction on tt. 
and the RCR yield the statement. □ 

Proof of Theorem \4-.l\ Part 1. Consider the vertex 0" in F„ together with its neighbours. Consider the 
following four disjoint paths: each of them starts at a different neighbour of 0". The two first are included 
in C(0"') and they are of length /„(0'^)/2 — 1 whereas the two others are included in C"(0") and they 
are of length Z^(0")/2 - 1. Since /„(0'^) = 2^^^ and ZJj(0") = 2rtl, their respective lengths diverge as 
7^ — ^ CX3. Since lim„^oo(r„, 0") = (ro'^,0"), the corresponding four rays are disjoint in (Fo'^,0") so that 
they are not equivalent. Hence, the graph (Fo.j,0") has at least four ends. 

Consider now ^ G ^(ro-), ^ 7^ 0". Then ^ = for some fc > 0; by Proposition [H31 a (fc + 1)- 

decoration is attached to C„ for every n>k + \. Since every such decoration is finite, any ray must have 
infinitely many vertices in common with one of the four previous rays. We thus conclude that the graph 
(Fqoj , 0") has exactly four ends. 

Finally, Lemma 14.41 implies that the set of infinite words ^ such that the orbital Schreier graph F^ has 
four ends is exactly constituted by the orbit of 0". Then the result follows from Proposition [531 
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We describe now a 4-regular infinite separable graph r(4) whose blocks are either cycles or single edges. 
The number of ends of r(4) is 4. It will turn out that r(4) is isomorphic (as an unrooted graph) to Fj 
for each £^ G E4. r(4) is constructed as follows: consider two copies, TZi and TZ2, of the double ray whose 
vertices are naturally identified with the integers. Let these two double rays intersect at vertex 0. For 
every fc > 0, we define the subset of Z 

Ak := {n e Z\n = 2^ mod 2^+^ } . 

For every fc > 0, attach to each vertex of Ak in TZi (respectively in 7^2) a (2fc+ l)-decoration (respectively 
a (2fc + 2)-decoration) by its unique vertex of degree 2. 




Fig. 7. A finite part of r(4). 
Theorem 4.6. If ^ € E^, then F^ and F(4) are isomorphic as unrooted graphs. 

Proof. Wc can suppose without loss of generality that ^ = 0" since we know that all words in i?4 belong 
to the same orbit. Recall that the length of C(0") in F„ is2r'^l. Consider the ball Br„ (0", 2 1""^"!"^ - 1) 
centered on 0" and of radius 2^^"!^^ — 1 as well as the ball Bti^(Q'^ ^2^^^^~^ — 1) in F^. By Lemma 
14.51 these balls are isomorphic for every n>2 and their radii tend to infinity as n — > 00. □ 

Proof of Theorem \4.1\ Parts 2 and 3. Let ^ G £'2- We can write ^ = cn/3iQ!2/32 • ■ • where ai,f5i G {0, 1} 
and either {ai}i>i or {/3i}i>i (but not both) has only finitely many I's. Suppose without loss of generality 
that {ai\i>i contains finitely many I's (the other case can be treated in a similar way). Let ^ > be such 
that the prefix ^2/-i ends by the last non-zero value of the sequence {a^}, denoting by convention 
the empty prefix. Let k — I -\- inf{i > : jSi+i = 1} so that /3fe is the first 1 appearing in ^ after the 
prefix ^2;-i- The infinite word ^ can be rewritten as 

e = 6fc0/3fe+i0/3fc+2.... 
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The next observation follows from the proof of Proposition 13.91 since ^2fe ends by a 1, ^2fe S T>{0^''Y 
and ^2feO G 25(0^'^+^). For each r > 1, on one hand, ^2k0l3k+i ...0/3fc+rO belongs to the left part of 
^2k+2r+i and there is an expansion in the passage from ^2k+2r to $2fc+2r+i, and on the other hand, 
$2fe0/3fe+i . . . OPk+r belongs to the central part of T2k+2r and a contraction occurs in the passage from 

S.2k+2r-l to £,2k+2r- 

Let CV^^k be the cycle-path joining ^2fe to the central cycle of and let C-V^^k = {k^'^}\=i be as 
defined in Notation 13.81 By the previous observation, \C'P^2^j^^^ \ = \CV^^^ \ = t for each r > 1. Moreover, 
it follows from Lemma r3.12[ that kl^^"^"^ = kf^ for all 1 < * < ^ — 1 and each r > 1. Thus, we conclude that 
for N sufficiently large, the distance separating the vertex ^2n from the central cycle in is constant 
for every n > N. On the other hand, the length kf^'^'^'^ of the central cycle of r2fe+2r tends to infinity as 
r — oo, so that, in the limit, the central cycle splits into two disjoint rays TZ and TV . Thus, has at 
least two ends. 

By Proposition 14. 3[ given any -q € V{r^), the height of the decoration ^{ii) is finite. Thus, any ray in 
F^ must be equivalent either to TZ or to TZ'. Thus, F^ has exactly two ends. 

We show now that if ^ £ -Bi, then F^ has one end. On one hand, the SEC-sequence associated with 
^ cannot contain two consecutive C's (see Remark l3. lip . On the other hand, if ^„ belongs to the right 
part of F„ and n' is the first index greater than n such that belongs again to the right part of F„' , 
then \CP^^,\ = \CP^J + 1. 

Lemma 4.7. For any G {0, 1}"^, consider the subgraph o/(Fj,^), (CV^,S,) := lim„^oo(C7^5„,^n). Then 
CV^ is a cycle-path of infinite length, CV^ ~ {Pi\i>i, if and only if £, € Ei. In this case, for any n > 1 
such that ends with a 1, the subgraph {PP}lzl of CV^^^ = {PpYi^i is isomorphic to {Pi}lzl C CV^. 

Proof of the lemma. Observe that, CP^ is a cycle-path of infinite length if and only if there exist infinitely 
many indices n such that ^„ is in the right part of F„; otherwise, we would observe from some point in 
the SEC-sequence associated with ^ an alternating sequence of expansions E and contractions C, so that 
\CV^^ I would be bounded as n ^ cxa. 

It is easy to check that Ei coincides with the set of words ^ e {0, l}"^ in which the number of subwords 
of type 10*^1, with A: > even, is infinite. Hence, if ^ S there are infinitely many indices n such that 
^„ belongs to the right part of the graph F„. Conversely, suppose that ^ ^ so that the number of 
subwords in <^ of type lO'^l, with fc > even, must be finite. Thus, the SEC-sequence associated with 
^ contains from some point an alternating sequence of expansions E and contractions C. It follows that 
CP^ is not a cycle-path of infinite length (it consists of a finite cycle-path joining ^ to a double-ray). 

The second part of the lemma follows from the proof of Proposition 13. 91 □ 

End of Proof of Theorem 4-1- Let TZ he a, ray contained in CV^. Each cycle Pi G CV^ is finite and, by 
Proposition 14. 3[ there is a finite decoration attached to each of its vertices. Hence, any other ray TZ' in 
F^ must have infinitely many vertices in common with TZ. We thus conclude that F^ has one end. □ 

4.2 Limit graphs with two ends 

Given ^ G E2, let w be the longest prefix of ^ ending by a subword of type lO'^T, with k even (see Proof 
of Theorem \4:.ll Parts 2 and 3). If {a^} = 0, then we set w to be the empty word; if {Pi} = 0, then w is 
the prefix of ^ of length 1. Thus, we can write ^ — wQxiQx2 ■ . ., Xi G {0, 1}. Introduce ^ = wGxxQx2 ■ ■ ., 
where Xi = \ — Xi for every i>l. Note that ^ G if and only if ^ G £'2- 

Theorem 4.8. Let S,,ri Cz i?2- Then F^ and F,j are isomorphic as unrooted graphs if and only if either 
^ rj or rj. In particular, each isomorphism class of 2-ended graphs consists of exactly two orbits. 
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Proof. If ^ ^ 1], then = F,, by Proposition 12.41 Suppose now that ~ This imphes that there 
exist prefixes v,v,v with \v\ = \v\ = \v\ = uq and where v ends by a 1, such that 

r] — v0zi0z2 ... — v0zi0z2 ... C — '?0zi0z2 • • ■ , 

where Zi = 1 — Zi for each z > 1. It fohows from the proof of Proposition 13.91 that belongs 
to 'D{0"-"^^Y C F„„+2- If we encode Tno+2 by the diagram -0^0+2 (see Subsection 13. IL let Mno+2 be 
the vertex of Dn„+2 to which is attached the decoration containing £,no+2- Let u'^g^2 ^ -Dno+2 be the 
symmetric vertex with respect to the middle vertex of Dng+2 so that the decorations attached to Wno+2 
and u'„g^2 have the same height (observe that the vertices of Z?„ are labeled symmetrically with respect 
to the middle vertex labeled by n.) Finally, let £,no+2 & ^(wno+2) be symmetric to £,no+2 as shown in Fig. 
8. 




no + 2 u«o+2 710 + 2 "«o+2 "0 + 2 

Fig. 8. 5„o+2 



Consider ip{^) ~ <^(Crio+20z20z3 . . .) :— £,no+20z20z3 .... Since ip{^) ^ -q, then by Proposition 12.41 

For each i > 1, let Ri = ^(^^+2,0*+^) in Ti+2- Then, since {(r„,^„)}„>i (respectively {(F„, ?7„)}„>i) 
converges to (Fj,^) (respectively (F,,,??)), there exists N{Ri) > 1 such that for all n > N{Ri), we have 

Sr,(^,i?.) ~ Br„i^n,R.) ^ Br^{ip{i)n,Ri) ^ Br,((^(0,i?.), 

where the second isomorphism follows from the previous observations and from the fact that if ^„ G 25(0")'^ 
and Cn+2 G I'(0"+^)'^ \2?(0"+^l), then ^„+2 = £,rfix where x G {0, 1}, so that x determines whether ^„+2 
belongs to a decoration situated in the left-half or in the right-half of Dn+2 ■ Since £^ G E2, Ri tends to 
infinity as j — 00 by Proposition [231 We conclude that F^ and F^ are isomorphic. 

=>: Let 77,^ g i?2 and suppose that £, rj and £,0^7]. For the sake of contradiction, suppose that there 
exists an isomorphism ip : ^ F,j of unrooted graphs. Wc will show that there exists a radius R such 
that the balls Br^ {£,, R) and Sr,, are not isomorphic which will yield a contradiction. 

By Proposition 12.41 (p(^) ^ 1]. There exist finite words u,u such that 

^ = uOa;iOa;2 . . • = u0yi0y2 .... 

and |u| = If not, then ^ and ip{S,) belong to infinite graphs whose decorations have different parity, 
which is a contradiction. Indeed, depending on whether it is the sequence {0;^} or that takes only 
finitely many I's, the corresponding infinite Schreier graph has decorations of only even or only odd 
height. 

Since rj oo £^ rj but ^ ¥'(0' there exist infinitely many indices i such that Xi ^ yi and x^+i = yi+i- 
We can thus suppose without loss of generality that u and u both end with a 1. Moreover, arguments as 
in Proof of Proposition 13.91 implv that there exists an infinite subsequence {nk\k>Q C N such that, for 
any k > Q, and <y3(^)„^ belong to decorations attached to vertices in different halves of Dn^, while 
£,nk+2 and (y9(^)„^_|_2 belong to decorations attached to distinct vertices Vn^+2 and v'^^j^2 in the same half 

of Dn^+2- Thus d{vnk+2,Wnk+2) 7^ dWnk+2T''^rik+2) whcrc Wnk+2 dcnotcs the vertex of Dnk+2 encoding 
0»f»+ii (see Fig. 9). 
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rife + 2 



''^"fe+2 ■"'nfc+2 

Fig. 9. A.fc+2 



Suppose without loss of generality, that (ir„^^2 (^nfc+2j w;„^+2) < '^r„j^+2 ('''nfc+21 '"'nfc+2)- By RCR, for 
each fc > 0, the minimal distance between fnfc+2 (respectively v'^^_^_2) and a vertex in Dnk+2 labeled by 
no + 2 is constant. On the other hand, since (^(^) G E2, the distance between (respectively v'^^_^_2) 

and the boundary vertices of I?„j.+2 tends to infinity as fc — t- cx). 

Thus, for any sufficiently large fc, there exists a radius i?(no) defined as the minimum over all radii r 
such that the ball i?r„j,+2 (Cnfc+2, J') contains a {hq + 2)-decoration attached to a vertex of D„^+2, and 
such that both i?r„^+2('?nfc+2i and Br„^^2 {viOn,,+2, r) do not contain any boundary vertices of 

Hence, there exists N{R{no)) > 1 such that for all Uk > N{R{no)), we have 

i?r,(e,i?(rio)) - i?r„,+2(enfc+2,i?(^o)) ?^ Br„,+2(¥'(e)nfc+2,i?(no)) =i i?r,(^(0,^("o)). 

□ 

For ^ G E2, we will now construct explicitly a 4-regular, 2-ended graph r(^) that we will show to 
be isomorphic (as unrooted graph) to (see Theorem 14.111 below) . Recall from Theorem 14.11 that 
E2 — {ai/3ia2(32--- \ ctiiPj € {0, 1} such that either {a;} or {/3j} has finitely many I's}. Observe that in 
the case where the sequence {oi} (respectively {/3j}) takes the value 1 a finite number of times, only 
decorations of even (respectively odd) height will appear in the limit graph. We can thus partition the 
set E2 = i?2,euen LI E2^odd- We will Only consider the case of ^ G E2^even, (the other case can be treated 
similarly.) Suppose therefore that ^ — ai/3ia2 1320^3 (5^, . . . G E2,evem so that {ai}i>i contains finitely many 
I's and define the graph F(^) associated with 

Proposition 4.9. Consider the following subsets of "L: 

k 

A'q 2Z and A'^ := {n e Z : n = 2*^ - 1 - ^ 2^A+i mod 2*^+^} for each fc > 1. 

1=1 

Construct F(^) as a straight line with integer vertices with, for each k >0, a {2k + 2) -decoration attached 
by its unique vertex of degree 2 to every vertex corresponding to an integer in A'f. . The constructed graph 
F(^) is well defined. 

The graph F(^) for ^ G E2^odd is defined similarly, replacing /3 by a in the definition of A'^,, and by 
attaching (2fc + l)-decorations instead of (2fc + 2)-decorations. Proposition 14.91 follows from the following 
lemma. 

Lemma 4.10. Let {xi}iyi be a sequence with values in {0, 1} supposing that it takes both values infinitely 
many times. For every k>l, define 

k 

Lk = {nEZ : n = 2'' - 1 - ^ 2'x^ mod 2*^+^}. 

i=l 

Then IJj,>]^ Lk is a partition of 21,+ 1. 
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Proof. We first prove that Lk Ci Lh = (d ii k ^ h. Suppose that h > k and let s,t € Zhe such that 



1=1 



2*x, + 2*^+4 = 2^* - 1 - ^ 2*x, + 2 



/i+i , 



Hence, 2'=(1 + 2i) = 2''(1 
We prove now that 2Z - 
such that 



- 2s) — X]i'=fe+i 2*a;i — 2^^^m where m £ Z which is impossible. 
1 C IJfc>i by showing that for any n G Z odd, there exist fc > 1 and i e Z 



1 - + t-2 

i=l 



k+1 



(3) 



Let pi :— min{i > 1 : Xi = 1}. 
that n + 1 ^ and write n + 1 



If n + 1 = 0, then a solution oi ^ is k — pi and t — 0. Suppose 
2"^ mi, with iti > 1 and mi odd. If pi ^ ui, a solution of ([3|) is 



k = min{pi,wi} and t ■ 
and ^ becomes 



if fc = ui or i = 2"^ ^nii if /c = pi. If ui = pi, then necessarily, k > pi 



2^1 mi + 1 



k 

E ^ 

=pi+i 



= 2'=(l 



2t). 



(4) 



Let p2 ■— min{z > 1 : Xp-^+i — 1}. If mi + 1 = 0, then a solution of (0]) is fc = pi + p2 and t = 0. 
Suppose that mi + 1^0 and write mi + 1 = 2"^m2, with U2 > 1 and m2 odd. If p2 7^ ^2, then setting 
k — pi +min{p2,W2}, one can check that (|4]) has a solution. If p2 = U2, then necessarily k > pi + p2 and 
dH) becomes 

fc 

i=Pl+P2 + l 



2P1+P2 + 1 + 



We iterate the above argument: at the s + 1 step, let ps 
set fc = J2t=iPr and t = 0; if ms + 1 0, write m^ + 1 




(5) 



1}; if ms 



f 1 = 
odd. 



0, 
If 



2"=+ims+i, with Us+i > 1 and m^+i 
Ps ^ Us, one can check as above that ^ has a solution. Clearly, the sequence {\ms + l|}s>i is strictly 
decreasing. If n < 0, then there exists sq such that nis,, = —1 and ^ has a solution. If ?i > 0, then there 
exists So such that rris ~ 1 for all s > sq- In the latter case, Us = 1 for all s > so. On the other hand, 
there are only finitely many indices s such that ps = Us = 1. Otherwise, there would exist io such that 



— 1 for every i > io which would contradict the hypothesis on the sequence {xi}>i. 



□ 



C< 



o 



Fig. 10. A finite part of r(^). 



o 
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Theorem 4.11. Let E E2- Then is isomorphic to T{^). 



Proof. We again only consider the case where f € i?2,et)en (the case ^ S E2,odd can be treated analogously). 
For any t > 1, consider the diagram D2t encoding r2t- Consider also ^ :— 010/320/33 .... Note that ^ 
and ^ are cofinal, ^ ^, so that, by Proposition 12.41 — F|. Arguments as in Proof of Proposition 

3.91 imply that ^2t G V^(F2t) is situated on the central cycle of this graph, and therefore can be identified 
with a vertex of Z?2t (also denoted by ^2t)- Let V2t be the middle vertex in D2t', it is labeled by 2t (see 
the figures below). 

It is convenient to embed the diagram D2t in Z, so that every vertex of D2t has a coordinate (in addition 
to its label). Suppose that we embed D2t in Z so that the coordinate of ^2t is 0. 

Claim: The coordinate of V2t is 2*^^ — 1 — J2i=i 2*/3i+i. 
We prove the claim by induction on t. For t — 2, V4 has coordinate 1 if /32 = 0, while it has coordinate 
— 1 a P2 = 1, and the claim holds. 

Suppose that the assertion is true for < — 1 and suppose that /3f_i = (the case /3t-i = 1 is treated 
similarly). The diagram D2t~2 is 



^24-2 V2t-2 

li f3t = 0, then by RCR, the diagram D2t is 



Hence, recalling that the length of I?2t is 2*, the coordinate of V2t is 

t-2 t-1 



2t-2 ^ 2*-2 _ 1 _ ^ 2*/3,+i = 2*-i - 1 - ^ 2*/3,+i. 



i=l 

On the other hand, ii f3t — 1, the diagram £'24 is 



^2t U 

Thus, in this case, the coordinate of V2t is 

t-2 t-1 



Let Rt — dpat (^24, 0^*); we prove by induction on t, that for any t > 2, i?r(f)(0, i?t) ~ -Bpst (^2*, ^t)- If * 



and the claim is proven. 

2, then i?2 = 1 and, clearly, Br(^){Q, 1) ~ Br^iii, 1). Suppose that Br(c)(0, i?t-i) ^ BT2t-2{^2t-2, Rt-i)- 
Then, by the RCR and the Claim, the only vertex in D2t labeled by 2t is situated at distance 2*~^ — 
1 — 2*/3i+i from ^2t- Moreover, any two consecutive vertices in D2t labeled by 2fc + 2 are situated 
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at distance 2'^+^ from each other. Thus, by definition of the graph r(,^), By(^){0, Rt) — Bra* (^2*7 ^t)- 
Finahy, since ^ (z E2, Rt tends to infinity as t — > cx) and since ~ T^, the proof of the theorem is 
completed. □ 



5 The typical case: limit graphs with one end 
5.1 Classification of infinite Schreier graphs with one end 

It follows from Theorem 14.11 that the set of infinite words whose associated infinite orbital Schreier graph 
has one end is 

El = {ai/3ia2/32 • ■ • , ctj, Pj € {0, 1}| {ai}i>i and {Pj}j>i both contain infinitely many I's}. 

We prove in this subsection Part 3. of Corollary 14.21 by classifying all limit graphs , ^ e i?i , up to 
isomorphism (of unrooted graphs). We begin with the following lemma: 

Lemma 5.1. Let € Ei and let {Pi}i>i, {Qj}j>i be two infinite cycle-paths in F^. Then, there exist 
ia,ja e N such that Pi^+k = Qjo+k for every k>0. 

Proof. Let TZi C {Pi}i>i and TZ2 C {Qj}j>i be two rays. Since Fj has one end, TZi and 7I2 are equivalent. 
Suppose that {Pi}i>i and {Qj}j>i are disjoint. Since Fj is separable with blocks either cycles or single 
edges, there exists a cut vertex which separates {Pi}i>i from {Qj}j>i; this contradicts the fact that TZi 
and TZ2 are equivalent. 

If there is only a finite number of vertices belonging both to {Pi}i>i and {Qj}j>i, then there are integers 
J, J such that {Pi}i>i and {Qj}j>j are disjoint. Then, V{{Pi}l~^U{Qj}j^l) is a finite subset of vertices 
which separates {Pi}i>i from {Qj}j>j which contradicts the fact that TZi and TZ2 are equivalent. 

Suppose that |{^i}i>i H {Qj}j>i| — 00 and consider the minimal io,jo such that Pi^ and Qj^ have a 
vertex v in common. Let w e Pto+k H Qjg+k' for some k,k' > be at minimal distance from v. Then, 

{Pi}TJi!^ and {(3j}f4o' coincide. Indeed, suppose that this is not the case: ii k = k' = 0, then there 
are four disjoint paths joining w to w which contradicts Part 1. of Proposition 14.31 If fc = or k' = 0, 
then there are three disjoint paths joining v to w which is again a contradiction. Finally, if fc, fc' ^ 0, 
then there are two disjoint paths joining w to w which again contradicts Proposition 14.31 □ 

Proposition 5.2. An element ^ S {0, 1}", ^ not cofinal to 1", belongs to Ei if and only if there exists 
a unique triple (fc, {m/};>o, {i/}i>o) where fc > 1 and mo > are integers (and tuq is even); t^ = 0; and 
{to/};>i, {^;}/>i cire sequences of strictly positive integers (and the mi 's are even), such that ^ can be 
written as 

^ = 0'^"H(0a;?0a;^ . . . 0x^)1*^ (OxJOa;^ . . . Oxk)l*' ■ • ■ ■ (6) 

with xj G {0, 1} for all 

If £, = wl'^ for some w € X* , then there exists a unique triple (fc, {?ti;}|°^q, {tjj'^LQ) where fc > 1 and 
mo > are integers (and mg is even); to = 0; and {mi}\'L^, {ti}\°^^ are finite sequences of strictly positive 
integers (and the mi 's are even), such that ^ can be written as 

^ = 0''"H(0x?0a;^...0x9^)l*H0a;j0a;^...0a;lM)l*' ....l*'o(0xi°04" •■•Oa;'« 

^ ^ 2 

Corollary 5.3. Observe that the index of stability of ^ is equal to fc + mo in notation of Hence, the 
SEC-sequence corresponding to ^ (z Ei, ^ ^ wl'^ , is 

S''+'""E'^{EC)^E*^EC)^ ... (7) 

while the SEC-sequence corresponding to — wl" is 
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Proof. Corollary follows from the description of the inverse covering map tt^^i, as in Proof of Proposition 
13.91 and from Remark 13.111 □ 

Proof of Proposition \5.SX Suppose that ^ G {0, 1}" has the form ©. If we write ^ — Q!i/3iQ2/32 • • ■ where 
o-iif^i G {O7I}: then, since > 1 for all Z > 1, it follows that both sequences {ai}i>i and {fii}i>i take 
infinitely often the value 1 . This implies by definition that ^ G -Ei . 

The proof of the converse is constructive; before writing down the explicit algorithm, introduce the 
following notation: given two sequences of integers {mi\i>Q and {ii}i>o, define for all i,j > 0, Mi := 
Y^i^^mu Tj := ELo*'- Finally, set M_i := 0. Let ^ G £^1 and for all i > 1, denote by X{i) G {0,1} 
the i-th letter in ^. The output of the following algorithm is a triple {k, {?n;}/>o, {^;}/>o) satisfying the 
assumptions of the proposition. 

procedure(^) 

k := min{n > 1; X{n) ~ 1} 
Af_i 



if X{k + 1) = then 
for j = to "00" 



nij := 2 

n --k + Mj^i+Tj H 

while X(n)=0 

rrij := nij + 2 
n := n + 2 

end virhile 

Mj := Mj^i + rrij 

output rrij 

tj+i := 

virhile X{n) = l 

tj+i '■= tj+i + 
n := ri + 1 
end while 



Tj + tj+i 



output 

end for 



if X{k + 1) = 1 then 
Too := 
Mo := 

for j = 1 to "00" 
:= 1 

n k + Mj^i +2 
while X(n)=l 

tj ■■= h + 1 
n n + 1 

end while 

output tj 

nij :— 

while X{n)=0 

nij := rrij + 2 
n :— n + 2 
end while 



Mi 



Mi 



^3 ■— ^'^3-^ 

output rrij 
end for 



■ TO, 



end procedure 

The second part of the proposition follows identically after we put tjo+i — 00. 



□ 



The main result of this subsection is the following characterization of words in Ei with isomorphic 
unrooted Schreier graphs. 

Theorem 5.4. Let ^,77 G -Ei. 

1. If S, ^ ul'^ and ri = wl'^ with u,w G {0,1}*, then Fj = T^. // ^ = wl" but 77 ^ wl'^ for any 
w G {0,1}*, then 9^ F,,. 

2. Suppose that ^ ^ ul'^ and rj ^ wl'^ for any u,w G {0,1}*; and consider the respective triples 
(fc, {m;}i>o, {i/}i>o) o.nd (fc', {TOj}i>o, {i[}i>o) that give the canonical representation of ^ and rj 



e = 0^-il(Ox; . . . 0a;0„„/2)l*^ (Ox} . . . Oxl^^,)l' 
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n = 0'='-H(Oy? . . . Oy°„, (S)y\ . . . Qyl.„)l''^ . . . 
where xj,yj G {0, 1}. Then — if and only if there exist r, s > 1 such that, for each n > 0, 

(a) nir+n = m'^+n, tr+n+l = t's+n+1' 

(b) k + Tr + Mr-1 = k' + + M'g_i, where Mi = X](=o ™' '^'^'^ ^ Si=o 

(c) either j/p^" — Xp'^"- or yp^"- = 1 — 2;^+", for p — 1, . . . , mr+n/2. 



In order to prove Theorem [5j4j we need to study in more detail the geometry of the hmit graphs F^. It 
turns out that it is determined by the infinite cycle-path CV^ in F^. In Propositions 15.61 and 15 .81 below we 
describe these infinite cycle-paths completely by listing the lengths of the cycles and finding their relative 
position, in terms of the infinite ray ^ G Ei represented in the canonical form ([B]). 

Definition 5.5. Given ^ G we associate with it the sequence of integers ai = a^, i > 1, defined as 
follows: 

• i/^ = 1", then ai := i for all i > 1; 

• if ^ ^ 1", then Proposition \57^ provides a triple (k, {mi}, {ti}) associated with ^. Define for all 
J > 1, < s < tj, 

aTj_i+s+i ■■= k + Mj^i + Tj^i + s. (8) 

Proposition 5.6. Given ^ e let CV^ ~ {Pi}i>i be the infinite cycle-path associated with ^. Then, 
for alii > I, \Pi\ = 2^^!. 

Proof. By induction on i: if i = 1, then by definition, ai — k + mo, that is the index of stability of ^ (see 
dH) and Corollarv l5.3p . In other words, the prefix £,k+mo of C is situated on the central cycle of Tk+mo- 

r A;-|-7Ti,Q -1 r -| 

Thus, CV^i^^^^ is constituted of a single cycle of length 2' 2 I — 2'~' . Moreover, since ^ai+i — 1, 
then this cycle is the first one of the cycle-path CV(^ (see Remark l3. lip . 

Suppose that the statement is true for i; the cycle Pi of CV^ is then isomorphic to the central cycle of 
Fq.. Consider the prefix of f as well as the cycle-path CV^^, in Fa^. Let j > 1, < s < be such 
that Tj_i + ,s + 1 = i so that ~ CLTj_i+s+i- We distinguish two cases: 

• ii s < tj ~ 2, then Oj+i = (ot _i+s+2 =) k + Mj^i + + s + 1 = ai + 1. On one hand, 
?ai+i = Coil, so that the central cycle of Ta^ is isomorphic to the penultimate cycle of the cycle- 
path CV^^^.j^^ in Fai+i. On the other hand, ^0^+2 = Ca^-i-il which implies that the central cycle of 
Fq^+i is isomorphic to the penultimate cycle of the cycle-path CV^^.j^^ (see Remark l3.1ip . Hence, 
by induction hypothesis, the penultimate cycle of CV^^.^^ is the (i -I- l)-st cycle of CP^^,^^ which is 

isomorphic (by Lemma HTTj) to the {i + l)-st cycle of CV^. Its length is |Pi+i| = 2^"^! = 2^^~^ . 

• if s = tj-1, then fli+i = {aTj_i+s+2 =) k+Mj-i+Tj+nij = ai+l+mj. Moreover, ^a^+i+i =^a,+il- 
Thus, as in the previous case, the last cycle of CV^^_^^ is isomorphic to the {i + l)-st cycle of CPj. 
By induction hypothesis, its length is 

I J |P,|.2^+i=2^+^+i=2^^=2r^T ifa,iseven, 

' " \ |P,;| . 2^ = 2^+^ = 2^ = 2r^l if a, is odd. 

□ 



Given E Ei, for any n > 1, consider the cycle path CV^^ = {-P"}*=i in F„. Set Vq := £,n and 
:— Pi'' n P/^]^ for every i — 1, . . . ,t — 1. By Lemma [4. 71 the limit Vi := lim„^oo t^" exists for each 
i > 1; {vi} = Pi D Pi+i where Pi, Pi+i S CP^. Since we consider the graph F„ embedded in the plane 
in such a way that every P" is a regular polygon, we may introduce the notion of an angle between two 
consecutive polygons, as follows. 
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Definition 5.7. Let ^ £ Ei. For any n > 1, consider CV^,^ = {i^lLi- For I < i < t - 1, a"^ is the 

(counterclockwise) angle between vectors cfvf__-^ and c^vf (see Fig. 11). The limit Ui :— lim„^oo a" is 
well defined for each i > 1; we call ai the angle between cycles Pi-i and Pi (in CV^). 

pn 




Fig. 11. 



The next proposition shows that, given ^ G the angle ai can be expressed, for each z > 1, in terms 
of the canonical representation ([6]) of ^. 

Proposition 5.8. Let ^ G and let (k, {m;}, {t;}) be the triple provided by Provosition \5.S\ Let {ai}i>i 
be the sequence associated with ^ as in Definition \5.5\ Then, 

• ifniQ^ 0, then ai = tt, whereas if tuq > 0, then ai = 7r/2"''/2 ^ ^^^/^ 2,,^7r/2"°/2-h . 

• if i > 1 and ai — a^-i = 1, then ai = tt; 

• if i > 1 and Oi — a^-i > 1, then there exists d > 1 such that Oi — Oi-i — nid + 1- In this case 
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Proof. Suppose that € Ei is such that ^ ^ wl'^ for any w S {0, 1}* (the other case is treated similarly). 
By Corollary [Ql the SEC-sequence associated with ^ is S^+""> E^^ [EC)^ E^^ {EC)^ . . . E*'^{EC)^ ... 
If ai — ai_i = 1, then there exists n > such that the a^-th and (a^ + l)-st letter in ([7]) belong to the 
block £'*" and ^oi+i = Ca; 1 = Coi-iH- Hence, ai = n. 

If ai — ai-i > 1, then there exists d > I such that ai — ai_i = rud + 1- More precisely, we have 
€a. = Ca.^^lOxfOxi . . . 0x1^, where x^j G {0, 1}. Corollary [Ql tells us that eyery letter x'^ corresponds to 

a contraction. The yalue of x'j determines whether, after the contraction, ^ai_i+i+2j is in the upper or 
in the lower part of the diagram in Fig. 6. 
Fix i > 2. We prove by induction on to^, that 



X ^ TT 



ai 



2^ fi 2^-^ ^' 

h—l 



If mrf = 2, then ^ becomes 

^ = O'^^^lfOa;? . . . Ox%i)l'' (Ox] . . . Oxk)l*'(Oa;? . . . Oxl^) . . . l*'^(Oxf)l*'^+i . . 

2 2 2 

and ([7]) becomes 

gk+mo^U ^ £;t2 (^^(J-j ^ . . . {EC)E*-'+' .... 

We look at how Pi-i is attached to Pi in CV^. Consider the finite graph raj_i+i; since 

?a,_i+i = O'-'HOxl . . . Oxl^/,)l'^ {0x1 ■ • • 0x^^/2)1*^ {0x1 ■ • ■ 
Coi-i+i is situated in the right part of raj_i+i: 



Fig. 13. 



Then, since ^ai_i+2 — ^ai_i+iO, we get 




Fig. 14. 



Suppose now that xf = 0. (If xf = 1 we get a symmetric picture with the decoration growing downwards.) 
We have the following picture for CP^^,__^^^ C rQ._j+3: 




Fig. 15. 



Finally, adding 1 (corresponding to the first letter of the block E^'^+^ ) to the right of ^ai„i+3, we get 




Fig. 16. 



27 



It follows that a, = f = ^ + J2l=i • 0. 

Suppose now that the assertion is true for — 2; consider the graph Tai~2 and 

U - O'-HiOxl . . . Oxl^^,)l'^ {0x1 ■ ■ • 0x^^/2)1*^ {0x1 . . . 0x1,^1^) ... 1*" {Oxi . . . Oxf„,^_,y^Oxi^^,). 

For CP^^._2 C Tai~2, define the angle a' as shown on Fig. 17. Then a' = on where ai is the i- 
th angle in the infinite cycle-path (as in Definition 15.71) for any ^ e i?i with ^q.-i = ^ai-2l (i-e., 
a,i — Obi-x — {md — 2) + 1 = rud — 1.) Therefore we can apply the induction hypothesis to a', and we have 
a' = 7r/2"''/2-i + Y2=i'^ xi^/2"''^'^-''-\ 

The following picture explains how ai is computed from a' . The two cases correspond to xf^^^^ being 
or 1. 




Fig. 17. 



We compute, using the induction hypothesis, 



^ " h=l ^ 



TT 



2t" f-: 2^" 

n— 1 

The case i = 1 can be treated similarly. □ 
The following statement is easily checked by a direct computation: 

Lemma 5.9. Let on = + X^hLi '"^ ^ '^^'^ /^j — + X]/iLi ji/^ where md is even positive 

and xf^, UjI £ {0, 1}. Then ai = (3i if and only if = for each h = 1, . . . , ^ and ai + Pi = 2tt if and 
only ifyf = l-xf for each /i = 1, . . . , ^ . 
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Example 5.10. Consider (, = 1(1100)". The SEC-sequence associated with ^ is S {E'^{EC)Y (so that 
k — 1^ rriQ = and U = rrii = 2 for every i > 1). The sequence {a,} satisfy then 

_ ( 2i — 1 if i is odd, 
* [ 2i — 2 if i is even. 

For each i > 1 one has x\ = 0. Moreover, a2k ~ a2fe-i = 1 and a2k+i — 0,2k = 3 for each fc > 1. This 
gives, by Proposition [SUl ai = tt, a2k = tt and a2k+i = f for every fc > 1 (see Fig. 18). 




Proof of Theorem \5.4\ Part 1. Suppose that ^ = wl" for some v € {0, 1}* and consider the associated 
sequence {a\}i>i. If 77 = wl", w S {0, 1}*, then Proposition 12 .41 implies that Pj = P,,. lirj ^ wl" for any 
w G {0, 1}*, then there exist infinitely many indices i such that a^^-^ — > 1. Indeed, if ?; ^ ud", then 
by Proposition 15. 2[ there exist infinitely many indices I > 1 such that m; > in the sequence {to/};>i 
associated with rj. By definition of the a^'s (Definition 15. 5L aT,+i — aTj_i+t, = m/ + 1 > 1. 

Hence, there are no indices i,j such that a|_|_„ = aj_|_„ for all n > 0. Proposition 15.61 together with 
Lemma |5. II imply that the graphs P^ and P^ are not isomorphic. 

Part 2. Let ^ ^ vl'^ and 77 wl" and suppose that there exist r, s such that (a), (b), and (c) hold. 
It follows from Definition 15.51 that there exist i,j such that a^_|_„ = aj+m for all n > 0. Writing P^ D 
= {Ph}h>i and P„ D CT',, = {P;;}h>i, let {vj = P,nP,+i and similarly {t;;} = PjnPj+i. Consider 
the decoration (respectively X'j) attached to Vi (respectively Vj). Since of = a^, these decorations 
are isomorphic via an isomorphism (j)Q : Xi — X^. We can extend the isomorphism ^0 '■ — ^ to 
an isomorphism : Xi+i — > -^j+i where Xi+i (respectively -'^j+i) is the decoration attached to Vi+i 
(respectively I'j+i)- Clearly, Xi C Xi+i (respectively X- C -'^i+i). 

Indeed, by Proposition 15.81 and Lemma writing {wi+i} = Pi+i Ci Pi+2 and {^'j+i} = Pj+i ri Pj+2' 
one has rfr^ (^'i, Wj+i) = d,r^{vj,Vj_^_^). Note that decorations of Vi+i and are both (a^_(_^ + 1)- 

decorations which means that they are both isomorphic to the decoration 2?(0°>+i+^) of 
This decoration is encoded by the diagram D^s where boundary vertices correspond to Wi+i and 

respectively. By Proposition 13.61 any two vertices situated at the same distance from the boundary 
vertices of the diagram have isomorphic neighbourhoods. 

Repeating the above argument, one can construct a sequence of isomorphisms {(f>n}n>o, 4>n '■ ^j+n — 
such that for every n' > n, the restriction of 4>n' to Xi+n is equal to 0„. Thus, there is a well- 
defined isomorphism (p : Pj — > P^ given hy 4> := lim„_j.oo 4'n- 

Conversely, if we suppose that the conditions (a), (b), and (c) are not all satisfied, then three possibilities 
may occur. 

• There are no indices i,j such that aj_|_„ = aj_|_„ for all n > 0. By Proposition 15.61 and Lemma l5. 11 
the graphs Pj and P,j are not isomorphic. 
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• There exist indices i,j such that a^_|_„ = 'Jj+n for all rt > 0, but there are infinitely many indices 
d such that the condition yf^ = x'l or yf^ — 1 — xf^ for each h — 1, . . . , is not satisfied. This 
implies that there are infinitely many indices n such that (i(wi4-„_i, Wi+„) ^ d(i'j^_„_i, v'^j^^). Indeed, 
it follows from Proposition 15.81 that for any d > 1, the choice of the letters xjj, for ft, = 1, ... , 

in the block (Oxf . . . Oa;'l^_2 ) determines how Pi-i is attached to Pi. In particular, the choices 

2 

and 1 — a::^ for each h = 1, . . . , ^ correspond to vertices {wi-i} = Pi-i n and {v'^_i} ~ Pi-i n Pi 
situated at the same distance from Vi. 

On the other hand, an isomorphism (p between and F,, must map Wi+„ onto v'jj^^^ for each n > 0. 
This is a contradiction. 

• Finally, suppose that (a) and (c) are satisfied but not (h). Let ro,so > 2 such that mr„+„-i = 
fn'sa+n-i ^^"^ ij-o+n = t'so+n each n > 0. We prove that, for any i,j > 1, there exists g > such 
that a\^^ ^ '^j+g- Without loss of generality, we fix i, j sufficiently large, so that there exist r > tq, 
< u < s > So and < m' < t'^, such that a\^^ — a|, _^+u+i ^'^'^ ~ "^t' +u'+i- 

other hand, by Definition 15. 5[ for all r > ro and for all < u < f^, 

"t^_i+«+1 = + Mr-l + T,,_i + It = fc + + Trg-l + tr,, H h + TTirQ-l H h JTV-l + U] 



similarly, for all s > sq and < u' < t^, 

4i_,+n'+i = fc' + M',_^+TU +u' = k'+ A/;,_2 + r;_i + 4 + • . • + 



Write(5 ■.^k' + M'^^_^+Tl^_^-k-Mr„^2-Tr^-i- If.s = r, then a^,_^^^^,_^j -a|,^_^+„+i =5 + u'-u 
whereas if s > r, then a^, — a|,^__j+„+i = (5 + tj. + • ■ • + t'^_i + mj, + • ■ • + m^,_;^ + u' — u 

where 5 7^ by hypothesis. Observe that the sequences {nii} and {ti} (and hence {mj} and {tj}) 
cannot be eventually both constant. Otherwise, we may find ro, sq such that (b) would be satisfied 
which is a contradiction. Thus, since u < tr, u' < t'^, and > 1, m'g_i > 2 for any s > 1, it is easy 
to check that there exists an index q such that aj^^ — a^_(^^ = a^, ^^'+1 ^ "^T^-i+n+i 7^ ^- Hence, 
it follows from Proposition 15.61 and Lemma l5. 11 that the graphs Fj and F^ are not isomorphic. 



□ 



5.2 Random weak limit of {r„}„>i 

Given a sequence of finite connected graphs {F„}„>i, one can consider it as a sequence of random rooted 
graphs {(r„, Vn)}n>i by choosing for each n > 1 a root Vn S V{T„) uniformly at random. Then, one says 
that (F,w) is the random weak limit (or distributional limit) of the sequence {(F„,w„)}„>i as n 00 
if, for every r > and for every finite rooted graph (H, o) , the probability that (H, o) is isomorphic to 
the ball in F„ centered in ^„ and of radius r converges to the probability that (H, o) is isomorphic to the 
ball in F centered in ^ and of the same radius. This is equivalent to say that the law of (F„,w„) weakly 
converges to the law of (F, v) as probability measures on the space X of connected rooted graphs (see 
Subsection 1221). 

If {(F„,^„)}„>i are the Schreier graphs of a spherically transitive action of a finitely generated group 
of automorphisms of a regular rooted tree T; and if the root ^„ is chosen uniformly at random in each 
r„, then the random weak limit of this sequence is the uniform measure on the set {(Fj,^),^ G dT} of 
rooted orbital Schreier graphs of the group action on dT. 

Observe that, since the action is spherically transitive, it is ergodic on dT. This implies that almost 
all infinite Schreier graphs of a given group have the same number of ends. We discuss this typical 
value of the number of ends in more detail in the forthcoming paper [B]. Here, we show that in the case 
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of the Basilica group, the set {(rj,^),f G Ei} is of full measure. Moreover, we also show that if we 
partition {(r^,^),^ G Ei} into classes of isomorphisms of unrooted graphs, then each isomorphism class 
is of measure 0. 

So, we consider again the Basilica group B acting by automorphisms on the binary tree, and we denote 
by Fj, f G {0, l}"^, infinite Schreier graphs of the induced action of B on the boundary of the binary 
tree identified with the set of infinite binary words and equipped with the uniform measure A. Recall 
that E4 is the set of infinite words defining Schreier graphs with four ends, i?2,et)en and E2,odd are the 
sets defining Schreier graphs with two ends and, respectively, with odd or even decorations. Finally, Ei 
denotes the set of infinite words defining Schreier graphs with one end. 

Proposition 5.11. Almost every graph F^ has one end with respect to the uniform measure on the set 
{(F^,i^),^ G {0, 1}"} of rooted orbital Schreier graphs of the action of the Basilica group B on {0, 1}". 

Proof. We will show that X{Ei) = 1, where A is the uniform measure on {0, l}"^. We have proven that 
{0, l}"^ = i?4 U i?2,euen LI i?2,o(id LI i?i . Each part is clearly invariant under B. 

An infinite word ^ G {0,1}" is periodic if there exist w,u in {0,1}* such that ^ = wu", where w is 
possibly empty. We denote by {0, l}p^r the set of all periodic infinite binary words. One checks easily 
that A({0, l}per) — 0; indeed, {0, l}per can be written as the union IJ^g Ife where Yk := IJi^i '^k,n with 
Yk.n {wu" I \w\ = k, \u\ = n}. Clearly, X(Vk^n) = 0, since this set contains 2*^+" words. 

We have that E4 C {0, l}pgr and so A(i?4) = 0. It is clear that X{E2.even) = X{E2.odd), and so, by 
ergodicity, X{E2,even) = X{E2,odd) = 0. It follows that X{Ei) = 1. □ 

Given G {0, l}"^, write 

:= {?7 G {0, 1}'^ I F^ and F,, are isomorphic as unrooted graphs}. 
Proposition 5.12. For any £, G {0, 1}", X^) = 0. 

Proof. If ^ G E4U E2, then the statement is obvious by the previous proposition. If ^ G let 
(fc, {m;}, {i;}) be the triple provided by Proposition 15.21 Denote by Wz^{ti},{mi} C Ex the set of words 
with triples satisfying k + — z. We show that X[Wz^{ti},{mi}) = 0. By Proposition [Ol W^2,{t,},{m;} is 
constituted of words of the form 

Q^-H{Qxl . . . 0x^^/2)1*^ (OxJ . . . 0x^^/2) ... 1'' {Ox{ . . . 0x^^/2) . . . , 
with xl G {0, 1}. From this, one has 

'^1 2'"^ *^ 2^ 2^+*"-^ 

A(W^z,{ti},{mi}) — ^ ^ 2^ ~ ^ 2'=+2i-l ~ ^ 2'=+'"0+i ~ ^ 2'=+™0+tl +2i-l 

2—1 i—1 i—1 i—1 

_ 2^ ^ 2^+^-^ 

2^ I 2^ 2^'-i+*^»-i+'''+J ^ 2^ 2^'+^-f'-i+'=+2'i-i 

i=2 = l h=l 

Setting Si := Ti + Mi/2 + k, we get 

k ^ 1 *^ 1 1 00 I Si ^\ 

HWz,{ti},{mi}) = X! 2* ^ ^ 2^ ^ ^ ok+^+i ^ X! r,k+^+ti+i ^ X! X! 2J" 

i=l 1=1 i=l ^ 1=1 ^ i=2 yj = si_i + l J 

00 

= i-E^ = 0- (10) 

1=1 
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For any i > 1, consider the set if C Ei defined as follows: 77 G if if and only if i is the smallest 
integer such that the triple (fc', {mj}, {t[}) associated with rj satisfies m'^^f, — rrij+k, t'i+k+i ~ tj+k+i and 
z' + TI + M/_i = z + Tj + Mj^i for some j > 1 and each k > 0. By Theorem[531 k C [JZi if- Since 
for any £_ £ {0, 1}", \{{w£_ | w G {0, 1}*}) = 0, (0) implies that X{lf) = for every i>l. □ 

Acknowledgments. We are grateful to Volodymyr Nekrashevych for pointing out a mistake in a pre- 
liminary version of this paper. 
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